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A rapid restoration of the bath state is usually required to induce Markovian dynamics for an
open quantum system, which typically can be realized only in limits such as weak system-bath
coupling and infinitely large bath. In this work, we investigate the Markovianity of a qubit system
coupled to a single-qubit bath with the qubit bath being continuously refreshed by quantum cooling.
A surprising result is that there exists a finite threshold for the cooling rate at which the system
transitions from non-Markovian dynamics to Markovian dynamics, which is in sharp contrast to the
usual understanding that Markovian dynamics is an asymptotic behavior under the Born-Markov
approximation. We also study the time correlation of the bath, and find that the decay rate of bath
time correlation is of the same order as the system evolution speed. This suggests that quantum
Markovian dynamics can exist beyond the usual short bath correlation limit.
I. INTRODUCTION
The dynamics of an open quantum system is very
different from the unitary evolution of a closed quan-
tum system, as it may lose information from the system
to the environment and become physically irreversible.
Such dynamics cannot be simply described by the ordi-
nary Schrödinger equation, and needs more sophisticated
tools such as the Feynman-Vernon influence functional
[1]. The interest in open quantum systems has grown
more intensive in recent years with the development of
quantum information, as it is important to learn how
quantum technologies can work in real environments.
Regardless of the physical details, the dynamics of
open quantum systems can be roughly divided into two
categories based on the memory effect of the bath:
Markovian and non-Markovian dynamics. If the bath
correlation time is much shorter than the time scale of
the system evolution, the bath has almost no memory ef-
fect and the state of the system at any time is determined
by its state at the immediate previous time step, and the
evolution of the system can be effectively described by
a dynamical semigroup [2–4]. This kind of open system
dynamics is called Markovian. By contrast, if the bath
correlation is enduring and lasts for a time comparable to
the time scale of the system evolution, the instantaneous
state of the system is determined by the entire history
of the system evolution rather than its immediate pre-
decessor, and the dynamics of the system do not form a
semigroup generally. This kind of open system dynamics
is called non-Markovian.
While Markovian quantum dynamics has been stud-
ied with various approximations for a long time, the ex-
act quantification or even definition of Markovianity for
quantum dynamics is not easy. Two main approaches
to defining the Markovianity of quantum dynamics cur-
rently are completely positive (CP) divisibility [5–7] and
distinguishability of quantum states [8, 9]. The CP-
divisibility approach defines Markovian quantum dynam-
ics as those which can be decomposed into a sequence
of completely positive maps, representing the evolution
for successive, arbitrarily-chosen intervals of time. The
distinguishability of quantum states approach defines
Markovian quantum dynamics as those under which the
trace distance between two arbitrary quantum states al-
ways decreases with time, which can be interpreted as
irreversible loss of information from the system into the
environment. A notable recent advance is that these two
approaches were proven to be equivalent, first for quan-
tum states in special Hilbert spaces [10] and then uni-
versally [11, 12]. Meanwhile, many different measures
have been proposed to witness or quantify the Marko-
vianity the dynamics of an open quantum system, among
which are quantum Fisher information flow [13], quan-
tum fidelity [14], quantum correlation flow [15], quantum
channel capacity [16], geometry of dynamically accessi-
ble states [17], quantum interferometric power [18], etc;
and the Lindblad master equation has been modified in
various ways to include memory effects [19, 20]. We refer
the readers to [9, 21–23] for reviews of recent progress in
open quantum systems.
A common and widely held assumption in Markovian
quantum dynamics is that fast restoration of the bath
state is required, so that the evolution of the quan-
tum system is memoryless, which is rooted in the Born-
Markov approximation. If the bath state is not restored
fast enough, the information of the system lost into the
bath may flow back into the system, and the dynamics
of the system becomes non-Markovian.
An interesting question is: how rapidly does the bath
state need to be restored to make the dynamics of an
open quantum system Markovian?
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2In this paper, we study this problem by a simple model
with a qubit as the system and another qubit as the bath.
The bath qubit is assumed to be in the ground state ini-
tially, and is continuously cooled down to that ground
state to simulate the restoration process. In principle,
the cooling process requires another large reservoir at
zero temperature, and the interaction between the large
reservoir and the bath qubit here can be complex. How-
ever, as we do not care about the details of the cooling
process, we can trace out the degrees of freedom of the
large reservoir and effectively formulate the cooling of the
bath qubit as a simple energy decay process [24, 25].
As the dimension of bath is low in this problem, one
may expect a strong memory effect from the bath on the
system and an extremely fast restoration of the bath state
needed to make the system dynamics Markovian. How-
ever, the result reveals that the bath does not need to be
refreshed extremely fast to make the system dynamics
Markovian, and interestingly there exists a sharp thresh-
old in the bath cooling rate between the non-Markovian
regime and the Markovian regime of the system dynam-
ics, and the threshold is of the same order of the system
evolution speed. Moreover, calculating the bath correla-
tion function shows that the decay rate of bath correla-
tion is just the bath cooling rate, implying that the dy-
namics of the system can become Markovian even when
the bath correlation time is comparable to the time scale
of system evolution. This is in marked contrast to the
usual belief that the Markovian dynamics is an asymp-
totic behavior in the limit of short bath correlation times.
II. MARKOVIAN QUANTUM DYNAMICS
In an open quantum system, the system interacts with
a bath. The total Hamiltonian of the system and the
bath is
Htot = HS +HB +Hint, (1)
where HS, HB are the free Hamiltonians of the system
and the bath respectively and Hint is the interaction
Hamiltonian between the system and the bath.
To derive the reduced dynamics of the system,
one can transform into the interaction picture, in
which the interaction Hamiltonian becomes H˜int(t) =
eit(HS+HB)Hinte
−it(HS+HB), and make the Born-Markov
approximation. The Born approximation assumes that
the joint state of the system and the bath at any time
t can be written as ρSBt ≈ ρSt ⊗ ρB0 , assuming that the
coupling between the system and the bath is weak and
the size of the bath is large, where ρSt is the reduced den-
sity matrix of the system at time t and ρB0 is the reduced
density matrix of the bath at the initial time. One can
then obtain the master equation for the system [24]:
∂tρ
S
t = −
∫ ∞
0
TrB[H˜int(t), [H˜int(t− t′), ρSt′ ⊗ρB0 ]]dt′, (2)
which assumes TrB[H˜int(t), ρB0 ] = 0. If the interaction
Hamiltonian H˜int(t) can be decomposed as H˜int(t) =∑
αAα(t) ⊗ Bα(t), the partial trace of the bath degrees
of freedom in Eq. (2) will generate the bath correlation
functions
〈B†α(t)Bβ(t− t′)〉B = TrB
[
B†α(t)Bβ(t− t′)ρB0
]
. (3)
Eq. (2) shows that the evolution of ρSt generally depends
on the history of ρSt . To remove the time integral in (2)
and make the equation Markovian, the bath correlation
functions (3) need to decay very fast with time so that
the contributions from the state at times far from the
current time t in the integral are negligible and the time
variation of the system state depends only on the system
state at time t. In this case, the ρSt′ in the integral in Eq.
(2) can be replaced by ρSt , which is called the Markov
approximation. The dynamics of the system described
by such a Markovian master equation is generally coarse-
grained in the time framework and cannot be resolved
within the bath correlation time, but the faster the bath
correlation functions decay, the more precisely the system
dynamics can be described by the master equation.
Model.— In this work, we are interested in how fast
the bath state needs to be refreshed in order to make the
system dynamics Markovian. This is important to the
understanding of quantum Markovian dynamics, as a fast
restoration of the bath state is one of the key assumptions
in the Born-Markov approximation reviewed above. We
consider a simple model with a qubit as the system and
another qubit as the bath. We suppose the system and
the bath interact via the X-X coupling,
Hint = ξσ
S
x ⊗ σBx . (4)
For simplicity, we drop the free Hamiltonian of both the
system and the bath.
The dynamics of the system qubit is generally non-
Markovian as it is coupled to a bath. To rapidly restore
the bath state, we prepare the bath in the ground state
initially and introduce a continuous cooling of the bath to
that ground state. The cooling process can be described
by a dissipation term κD[σB−]ρSBt ∆t, where κ is the cool-
ing rate and ρSBt is the density matrix of the joint state
of the system and bath at time t. Putting the Hamilto-
nian evolution and the cooling process together, we have
the following master equation for the joint state of the
system qubit and the bath qubit:
∂tρ
SB
t = −iξ[σSx ⊗ σBx , ρSBt ] + κD[σB−]ρSBt , (5)
where D[σB−] is performed on the bath qubit alone, de-
fined as D[σB−]ρSBt = σB−ρSBt σB+− 12{σB+σB−, ρSBt }. In prin-
ciple, there should be another term D[σB+]ρSBt in Eq. (5)
representing the heating process, if the thermal reservoir
in contact with the qubit bath is not at zero temperature
[25], due to the detailed balance principle. Here, as we
3want to cool the bath to the ground state, we assume the
thermal reservoir to be at the zero temperature, and the
heating term vanishes in this case.
To study the Markovianity of the system dynamics,
we need to find how the system evolves. The derivation
of the evolution of an open quantum system is generally
non-trivial. However, in this problem, as the system and
the bath are simple enough, we can obtain the exact evo-
lution of the system by solving the master equation (5)
exactly.
Let us assume the initial state of the system qubit is
ρS0 =
1
2
(
IS + x0σ
S
x + y0σ
S
y + z0σ
S
z
)
and the initial state of
the bath is |0B〉 which is also the state that the bath will
be cooled down to. It is straightforward to obtain the
solution to the joint state of the system and the bath at
any time t from Eq. (5). If we trace out the degrees of
freedom of the bath and focus on the state of the system
alone, we can obtain the reduced density matrix of the
system qubit at any time t, which turns out to be
ρSt =
1
2
[
IS + x0σ
S
x + ct
(
y0σ
S
y + z0σ
S
z
)]
, (6)
where ct = e−
κt
4
(
κ sinh t4
√
κ2−64ξ2√
κ2−64ξ2 + cosh
t
4
√
κ2 − 64ξ2
)
.
This implicitly assumes that κ2 > 64ξ2. If κ2 < 64ξ2, ct
should be e−
κt
4
(
κ sin t4
√
64ξ2−κ2√
64ξ2−κ2 +cos
t
4
√
64ξ2 − κ2
)
; and
if κ2 = 64ξ2, ct = e−
κt
4
(
1 + 14κt
)
.
This is the solution to the system dynamics. It is sim-
ple, but will turn out to give an interesting characteriza-
tion of the Markovianity of the system dynamics.
III. COMPLETELY POSITIVE DIVISIBILITY
Based on the evolution of the system state above, we
can study the Markovianity of the evolution of the sys-
tem. We will first look at the CP-divisibility of the dy-
namics, and later consider quantum state distinguisha-
bility.
The CP-divisibility criterion [6] tells that a quantum
dynamics Λ0→t is Markovian if each piece Λti→ti+1 of an
arbitrary division of Λ0→t,
Λ0→t = Λtn→tΛtn−1→tn · · ·Λ0→t1 , (7)
is completely positive. An intuitive idea behind this def-
inition is that if the evolution of a quantum system be-
tween two arbitrary times is completely positive, and
hence can be derived from an interaction with a mem-
oryless bath, then the entire evolution is memoryless and
depends only on the state of the system at the present
time.
Determining the CP-divisibility of a quantum dynam-
ics is highly non-trivial in general. However, it can be
proven [7] that a quantum dynamics is CP-divisible if
and only if the system evolution can be formulated as a
master equation with the coefficients of the dissipation
terms non-negative for all times. This gives a more con-
venient way to determine whether a quantum dynamics
is CP-divisible or not. Below, we will use this theorem
to figure out when the evolution of the system qubit in
the current problem is CP-divisible.
We first need to find the master equation for the evo-
lution of the system qubit. In the Appendix, it was ob-
tained that the master equation for the system evolution
corresponding to (6) is
∂tρ
S
t = −
c˙t
2ct
D[σSx]ρSt . (8)
From the solution of ct in the last section, one can see
that if κ2 > 64ξ2, − c˙t2ct =
8ξ2
κ+
√
κ2−64ξ2 coth
(
1
4 t
√
κ2−64ξ2
) ,
which is always positive; if κ2 < 64ξ2, − c˙t2ct =
8ξ2
κ+
√
64ξ2−κ2 cot
(
1
4 t
√
64ξ2−κ2
) ,which is negative when
cot
(
1
4 t
√
64ξ2 − κ2) < − κ√
64ξ2−κ2 . And if κ
2 = 64ξ2,
− c˙t2ct = κ
2t
2(16+4κt) , which is non-negative for all times t.
Therefore, we can immediately infer by the CP-
divisibility theorem that the dynamics of the system
qubit is Markovian when κ2 ≥ 64ξ2, and is non-
Markovian when κ2 < 64ξ2. We plot ∂t|ct| for different
cases in Fig. 1. ∂t|ct| has the same sign as c˙tct , so it shows
how the sign of c˙tct varies with time for different cooling
rates, which verifies the above results.
The interesting thing here is that there exists a thresh-
old line κ2 = 64ξ2 that divides the Markovian and non-
Markovian regimes of the system dynamics. When κ
goes from above 8|ξ| to below 8|ξ|, the system under-
goes an abrupt transition from non-Markovian dynamics
to Markovian dynamics. More importantly, this transi-
tion line lies at the same order of the ξ, which means that
the system dynamics becomes Markovian when the bath
restoration rate is of the same order as the system evolu-
tion speed. This shows the existence of Markovian quan-
tum dynamics beyond the traditional asymptotic regime
of κ ξ under the Born-Markov approximation.
IV. DISTINGUISHABILITY OF QUANTUM
STATES
The non-Markovianity of quantum dynamics can also
be defined and measured in an information theoretic way,
through the distinguishability of two different quantum
states. The trace distance between two quantum states
determines the distinguishability of two quantum states
[26, 27], which can be considered as a measure of the
information that can be learned from the two states.
Breuer et al. pointed out that if a quantum dynam-
ics is Markovian, the trace distance between any two
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Figure 1. (Color online) Contour plot of ∂t|ct|. The interac-
tion strength ξ between the system qubit and the bath qubit is
set to 1. It can be seen that when κ ≥ 8, ∂t|ct| is always non-
positive, while when κ < 8, ∂t|ct| can be positive periodically
although the time intervals of positive ∂t|ct| decrease with κ.
As sgn(c˙t/ct) = sgn(∂t|ct|), the figure also implies that c˙tc˙t is
always non-positive when κ ≥ 8 while c˙t
ct
has oscillation in its
sign when κ < 8. It means that the dynamics of the system
qubit is Markovian when κ ≥ 8 and becomes non-Markovian
when κ < 8, in both the CP-divisibility and the information
theoretic criteria. κ = 8 is thus the threshold of bath cooling
rate that divides the Markovian and non-Markovian regimes
of the system qubit dynamics.
quantum states will decrease with time [24], due to the
contractivity of completely positive quantum maps. The
non-Markovianity of quantum dynamics can be defined
as the existence of a pair of quantum states whose trace
distance increases for some time under that dynamics [8].
An intuitive interpretation for this definition is that if the
trace distance between two quantum states increases for
some time during the evolution, it means that some of the
information about the system that was lost into the en-
vironment flows back into the system. This implies that
the environment has memory, and thus the dynamics of
the quantum system is non-Markovian.
The trace distance between two quantum states ρ1(t),
ρ2(t) is defined as
dTr(ρ1(t), ρ2(t)) =
1
2
Tr|ρ1(t)− ρ2(t)|. (9)
A relationship between the trace distance and the distin-
guishability of ρ1(t), ρ2(t) is that the maximum proba-
bility of correctly distinguishing ρ1(t) and ρ2(t) is 12
[
1 +
dTr(ρ1(t), ρ2(t))
]
. Therefore, the trace distance deter-
mines the distinguishability between two quantum states,
and characterizes how much information one may extract
from the two states.
Now, we can use this information theoretic definition
of quantum non-Markovianity to examine the Marko-
vianity of the quantum dynamics in our problem. Sup-
pose we have two arbitrary initial states for the sys-
tem qubit, ρS0 =
1
2 (I
S + x0σ
S
x + y0σ
S
y + z0σ
S
z ) and
ρ′S0 =
1
2 (I
S + x′0σ
S
x + y
′
0σ
S
y + z
′
0σ
S
z ). It follows from Eq.
(6) that ρSt − ρ′St = 12 (∆xσSx + ct∆yσSy + ct∆zσSz ), and
the trace distance between ρSt and ρ′St is dTr(ρSt , ρ′St ) =
1
2
√
∆2x + c
2
t
(
∆2y + ∆
2
z
)
, where ∆x = x0 − x′0, ∆y =
y0 − y′0, ∆z = z0 − z′0. To see whether the trace distance
between ρSt and ρ′St increases or not during the evolution
of the system, we can take the derivative of dTr(ρSt , ρ′St )
with respect to time t, and it produces ∂tdTr(ρSt , ρ′St ) =(
∆2y + ∆
2
z
)
ctc˙t
dTr(ρSt ,ρ
′S
t )
.
Considering sgn(ctc˙t) = sgn( c˙tct ), the time derivative of
trace distance gives the same characterization of the sys-
tem dynamics as the CP-divisibility: when κ2 ≥ 64ξ2,
the trace distance always decreases with time and the
system dynamics (6) is Markovian; when κ2 < 64ξ2, the
trace distance with ∆y 6= 0 or ∆z 6= 0 can increase at
times t that satisfies cot
(
1
4 t
√
64ξ2 − κ2
)
< − κ√
64ξ2−κ2
, so the system dynamics is non-Markovian. Fig. 1 illus-
trates this result clearly.
Moreover, we can take the integral of the increase in
trace distance during the whole evolution of the system
as the measure of non-Markovianity, which was proposed
by Breuer et al. [8],
N = max
ρ1,2(0)
∫
∂t′dTr>0
∂t′dTr(ρ1(t
′), ρ2(t′))dt′, (10)
where the integral is taken over all time intervals during
which the trace distance dTr increases. This measure of
non-Markovianity is non-zero only for the case κ2 < 64ξ2,
as there is increase in the trace distance only in that
region. The result turns out to be (see Appendix)
N = 1
exp
(
κpi√
64ξ2−κ2
)
− 1
. (11)
It can be clearly seen from the measure of non-
Markovianity (10) that when there is no cooling on the
bath qubit, κ = 0, N is infinity, at its maximum, as
there is periodic information backflow from the bath to
the system and the amplitude of the backflow never de-
cays, indicating the strongest non-Markovianity for this
case. When κ becomes nonzero, N becomes finite, as the
amplitude of the information backflow decays with time,
indicating a weaker non-Markovianity. When κ2 = 64ξ2,
N = 0, indicating the vanishing of non-Markovianity.
V. BATH CORRELATION TIME
Finally, we want to investigate the bath correlation for
this problem. The bath correlation time plays a key role
5in the Born-Markov approximation for Markovian quan-
tum dynamics, as the main characteristic of Markovian
dynamics is that the bath correlation decays extremely
fast so that the system dynamics is memoryless. And
in this case, the Lindblad master equation can be de-
rived in the weak coupling limit [24] which is the most
widely-used approach to describing Markovian quantum
dynamics.
Below we study the bath correlation to compare the
bath correlation time with the time scale of the system
evolution. In fact, as the bath qubit is being continuously
cooled to the ground state at rate κ, one can expect that
the bath correlation time is approximately 1/κ. In the
following, we will see this is indeed the case.
We first perform a non-unitary transformation of the
bath state to eliminate the dissipation term in the master
equation: ρSBt → e−κtD[σ
B
−]ρSBt . In the new picture un-
der this transformation, we can trace out the degrees of
freedom of the bath and obtain a reduced master equa-
tion for the system qubit similar to (2). The period over
which earlier states of the system can influence the cur-
rent state of the system is determined by the time width
of bath correlation functions.
In the Appendix, the relevant bath correlation function
between two arbitrary time t and t′, t ≥ t′, is derived,
which turns out to be
fB(t, t
′) = TrB
[
σBx e
κ(t−t′)D[σB−](σBx ρ
B
0 + ρ
B
0 σ
B
x )
]
. (12)
In this problem, ρB0 = |0B〉〈0B|, so σBx ρB0 + ρB0 σBx = σBx .
It is straightforward to obtain that eκ(t−t
′)D[σB−]σBx =
e−
κ
2 (t−t′)σBx . Therefore, the bath correlation function is
fB(t, t
′) = exp
[
− 1
2
κ(t− t′)
]
. (13)
It is homogeneous with time, only depending on the inter-
val between two times, and decays with the time interval
t− t′ at rate κ2 , which verifies our previous intuition (up
to the factor 12 ).
As we have known from the previous results that the
system dynamics becomes Markovian when κ ≥ 8|ξ|, the
bath correlation function (13) implies that Markovian
quantum dynamics can exist with a bath correlation time
comparable to the time scale of the system evolution.
VI. CONCLUSIONS
In the usual Markovian dynamics under the Born-
Markov approximation, the bath must restore much
faster than the system evolves so that the bath is memo-
ryless and the evolution of the system is determined only
by its current state. In this work, however, a surpris-
ing result is that the system dynamics can be Markovian
when the bath restoration rate is of the same order as
the system evolution rate, which implies the existence of
Markovian quantum dynamics beyond the limit of fast
bath restoration or short bath correlation. Moreover, a
sharp boundary exists in the bath restoration rate, over
which the system undergoes an abrupt transition between
non-Markovian and Markovian dynamics, which does not
show under the Born-Markov approximation.
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APPENDICES
I. EVOLUTION OF THE SYSTEM
A. Solution
In this problem, a system qubit is interacted with a bath qubit via the following X −X coupling,
Hint = ξσ
S
x ⊗ σBx . (S1)
To simulate the restoration of the bath state, we apply a cooling process on the bath qubit to continuously transit
the bath state to the initial state of the bath |0B〉, which can be considered as an energy relaxation process and can
be described by κD[σB−]ρSBt ∆t [24, 25], where κ is the cooling rate, ρSBt is the density matrix of the joint state of the
system and bath at time t, and D[σB−] is the dissipator defined as
D[σB−]ρSBt = σB−ρSBt σB+ −
1
2
{σB+σB−, ρSBt }. (S2)
Putting the Hamiltonian evolution and the cooling process together, we have the following master equation for the
joint state of the system qubit and the bath qubit:
∂tρ
SB
t = −iξ[σSx ⊗ σBx , ρSBt ] + κD[σB−]ρSBt . (S3)
Suppose the initial density matrix of the system qubit is ρS0 =
1
2
(
IS + x0σ
S
x + y0σ
S
y + z0σ
S
z
)
, and the initial state
of the bath qubit is |0B〉. To solve the master equation (S3), we work in the operator space of the system and bath
qubits, which has σSi ⊗ σBj , i, j = 0, x, y, z, as its basis, where σ0 = I. In this representation, the joint density matrix
of the system and the bath can be represented by a 16 × 1 vector, and a superoperator on the system and the bath
can be represented by a 16× 16 matrix. The vector form of the initial density matrix of the system and the bath is
vSB0 =
1
4
[1, 0, 0,−1, x0, 0, 0,−x0, y0, 0, 0,−y0, z0, 0, 0,−z0]T .
The master equation (S3) can be written in a matrix form:
∂tv
SB
t = Mv
SB
t , (S4)
where
M =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −κ2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −κ2 0 0 0 0 −2ξ 0 0 0 0 0 0 0 0−κ 0 0 −κ 0 0 2ξ 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 −κ2 0 0 0 0 0 0 0 0 0 0
0 0 0 −2ξ 0 0 −κ2 0 0 0 0 0 0 0 0 0
0 0 2ξ 0 −κ 0 0 −κ 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −2ξ 0 0
0 0 0 0 0 0 0 0 0 −κ2 0 0 −2ξ 0 0 0
0 0 0 0 0 0 0 0 0 0 −κ2 0 0 0 0 0
0 0 0 0 0 0 0 0 −κ 0 0 −κ 0 0 0 0
0 0 0 0 0 0 0 0 0 2ξ 0 0 0 0 0 0
0 0 0 0 0 0 0 0 2ξ 0 0 0 0 −κ2 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 −κ2 0
0 0 0 0 0 0 0 0 0 0 0 0 −κ 0 0 −κ

. (S5)
7The solution to vSBt can be obtain by solving Eq. (S4) directly:
vSBt = exp(Mt)v
SB
0 . (S6)
If we trace out the freedom degrees of the bath qubit, the reduced density matrix of the system qubit at time t is
ρSt =
1
2
[
I + x0σ
S
x + ct
(
y0σ
S
y + z0σ
S
z
)]
, (S7)
where
ct = e
−κt4
(
κ sinh t4
√
κ2 − 64ξ2√
κ2 − 64ξ2 + cosh
t
4
√
κ2 − 64ξ2
)
. (S8)
Eq. (S8) implicitly assumes that κ2 > 64ξ2. If κ2 < 64ξ2, ct becomes
ct = e
−κt4
(
κ sin t4
√
64ξ2 − κ2√
64ξ2 − κ2 + cos
t
4
√
64ξ2 − κ2
)
. (S9)
If κ2 = 64ξ2, ct is
ct = e
−κt4
(
1 +
1
4
κt
)
. (S10)
B. Master equation
If we want to determine the Markovianity of the system dynamics based on the CP-divisibility criterion, we need
to obtain the master equation for the system qubit and check whether the coefficients of the dissipation terms are
non-negative or not [7]. Generally, deriving the master equation for an open quantum system is not easy, but in this
problem, as we have obtained the solution to the system evolution, we can infer the master equation of the system
from that solution.
To derive the master equation of the system, we transform into the operator space of the system which has basis
{I, σSx, σSy , σSz}. The density matrix of the system can be represented by a 4 × 1 vector, and a superoperator on the
system can be represented by a 4× 4 matrix. In this representation, the vector form of the system qubit at time t is
vSt =
1
2
[w0, x0, cty0, ctz0]
T = Qtv
S
0 , (S11)
where vS0 =
1
2 [w0, x0, y0, z0]
T is the vector form of the initial density matrix of the system qubit, and Qt is the matrix
representation of the system qubit evolution from the initial time to the time t,
Qt =

1 0 0 0
0 1 0 0
0 0 ct 0
0 0 0 ct
 . (S12)
Note that w0 = 1 for a normalized density matrix, but as we want to find the linear transformation corresponding to
the time change of vSt in the operator space of the system, we temporarily denote it as a variable. It will be restored
to 1 when the linear transformation is derived.
The time change of vSt is
∂tv
S
t = Q˙tv
S
0 = Q˙tQ
−1
t v
S
t . (S13)
Thus, Q˙tQ−1t is the matrix representation of the linear transformation corresponding to the time derivative of the
system density matrix, and
Q˙tQ
−1
t =

0 0 0 0
0 0 0 0
0 0 c˙tct 0
0 0 0 c˙tct
 . (S14)
8Now we can find the superoperator corresponding to Q˙tQ−1t . In order to do this, we need to know the matrix
representations sij for the basis of the superoperator σSi [·]σSj . It is straightforward to obtain that
s00 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 , s0x =

0 1 0 0
1 0 0 0
0 0 0 i
0 0 −i 0
 , s0y =

0 0 1 0
0 0 0 −i
1 0 0 0
0 i 0 0
 , s0z =

0 0 0 1
0 0 i 0
0 −i 0 0
1 0 0 0
 ,
sx0 =

0 1 0 0
1 0 0 0
0 0 0 −i
0 0 i 0
 , sxx =

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1
 , sxy =

0 0 0 −i
0 0 1 0
0 1 0 0
i 0 0 0
 , sxz =

0 0 i 0
0 0 0 1
−i 0 0 0
0 1 0 0
 ,
sy0 =

0 0 1 0
0 0 0 i
1 0 0 0
0 −i 0 0
 , syx =

0 0 0 i
0 0 1 0
0 1 0 0
−i 0 0 0
 , syy =

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1
 , syz =

0 −i 0 0
i 0 0 0
0 0 0 1
0 0 1 0
 ,
sz0 =

0 0 0 1
0 0 −i 0
0 i 0 0
1 0 0 0
 , szx =

0 0 −i 0
0 0 0 1
i 0 0 0
0 1 0 0
 , szy =

0 i 0 0
−i 0 0 0
0 0 0 1
0 0 1 0
 , szz =

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1
 .
(S15)
By decomposing Q˙tQ−1t in Eq. (S14) along sij , one can obtain that
Q˙tQ
−1
t =
c˙t
2ct
(s00 − sxx). (S16)
Therefore, we have
∂tρ
S
t =
c˙t
2ct
(ρSt − σSxρSt σSx) = −
c˙t
2ct
D[σSx]ρSt , (S17)
which is the master equation for the system qubit.
II. NON-MARKOVIANITY MEASURE BASED ON TRACE DISTANCE
A useful measure of non-Markovianity of a quantum dynamics was proposed by Breuer et al. [8] from an information
theoretic point of view. The measure is the integral of the increase in the trace distance between two quantum states
under that quantum dynamics maximized over all possible pairs of initial quantum states.
Mathematically, if we denote the measure of non-Markovianity as N , and two quantum states under the quantum
dynamics of interest as ρ1(t) and ρ2(t), the measure of non-Markovianity is
N = max
ρ1,2(0)
∫
∂t′dTr>0
∂t′dTr(ρ1(t
′), ρ2(t′))dt′, (S18)
where dTr(ρ1(t′), ρ2(t′)) is the trace distance between ρ1(t′) and ρ2(t′) defined as
dTr(ρ1(t
′), ρ2(t′)) =
1
2
Tr|ρ1(t′)− ρ2(t′)|, (S19)
and the integral is over all time intervals where the trace distance between ρ1(t′), ρ2(t′) increases, i.e.,
∂t′dTr(ρ1(t
′), ρ2(t′)) > 0.
In this problem, we assume we have two initial states for the system qubit,
ρS0 =
1
2
(IS + x0σ
S
x + y0σ
S
y + z0σ
S
z ),
ρ′S0 =
1
2
(IS + x′0σ
S
x + y
′
0σ
S
y + z
′
0σ
S
z ).
(S20)
Then, according to Eq. (S7), the difference between ρSt and ρ′St at time t is
ρSt − ρ′St =
1
2
(
∆xσ
S
x + ct∆yσ
S
y + ct∆zσ
S
z
)
, (S21)
9and the trace distance between ρSt and ρ′St is
dTr(ρ
S
t , ρ
′S
t ) =
1
2
√
∆2x + c
2
t
(
∆2y + ∆
2
z
)
, (S22)
where ∆x = x0 − x′0, ∆y = y0 − y′0, ∆z = z0 − z′0.
According to the result in the main paper, the trace distance between two quantum states under the dynamics in
this problem may oscillate only when κ2 ≤ 64ξ2, so we will focus on this case below.
To investigate when the trace distance between ρSt and ρ′St increases, we take the derivative of Eq. (S22) with
respect to time t, which produces
∂tdTr(ρ
S
t , ρ
′S
t ) =
(
∆2y + ∆
2
z
) c2t
dTr(ρSt , ρ
′S
t )
c˙t
ct
. (S23)
And when κ2 < 64ξ2,
c˙t
ct
=
−16ξ2
κ+
√
64ξ2 − κ2 cot
(
1
4 t
√
64ξ2 − κ2
) . (S24)
Obviously, c˙tct > 0 when cot
(
1
4 t
√
64ξ2 − κ2
)
< −κ√
64ξ2−κ2 , therefore, the trace distance dTr(ρ
S
t , ρ
′S
t ) increases for any
tn − δ < t < tn, n = 1, 2, · · · , (S25)
where
tn =
4npi√
64ξ2 − κ2 , δ =
4 arctan
√
64ξ2−κ2
κ√
64ξ2 − κ2 . (S26)
It can be verified from Eq. (S9) that
ctn−δ = 0, ctn = (−1)ne−
κtn
4 . (S27)
Then it follows Eq. (S22), the increase in the trace distance in the time interval determined by Eq. (S25) for each n
is
∆ndTr(ρ
S
t , ρ
′S
t ) =
1
2
(√
∆2x + e
−κtn2
(
∆2y + ∆
2
z
)− |∆x|) . (S28)
Now we need to maximize ∆ndTr(ρSt , ρ′St ) over all possible ∆x, ∆y, ∆z. Note that ∆ndTr(ρSt , ρ′St ) can be written as
∆ndTr(ρ
S
t , ρ
′S
t ) =
e−
κtn
2
(
∆2y + ∆
2
z
)
2
(√
∆2x + e
−κtn2
(
∆2y + ∆
2
z
)
+ |∆x|
) . (S29)
If we fix ∆y and ∆z, it is obvious that ∆ndTr(ρSt , ρ′St ) is maximized when ∆x = 0. And letting ∆x = 0 is possible,
because we can always choose proper x0 = x′0 (at least we can choose x0 = x′0 = 0) without violating the positivity
of either ρS0 or ρ′S0 for any ∆y and ∆z. Therefore,
max
∆x
∆ndTr(ρ
S
t , ρ
′S
t ) =
1
2
e−
κtn
4
√
∆2y + ∆
2
z. (S30)
To maximize Eq. (S30) over ∆y and ∆z, we denote two vectors r0 = [x0, y0, z0], r′0 = [x0, y′0, z′0], and ‖r0‖ ≤ 1,
‖r′0‖ ≤ 1 due to the positivity of ρS0 and ρ′S0 . Note the x components of r0 and r′0 have been explicitly chosen to be
the same. Then,
max
∆x
∆ndTr(ρ
S
t , ρ
′S
t ) =
1
2
e−
κtn
4 ‖r0 − r′0‖. (S31)
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And the maximization of max∆x ∆ndTr(ρ
S
t , ρ
′S
t ) over ∆y and ∆z becomes a maximization over r0 and r′0. Obviously
‖r0 − r′0‖ is maximized when r0 and r′0 are antiparallel and ‖r0‖ = ‖r′0‖ = 1, which means r0 = −r′0 and thus
x0 = −x0, implying x0 = 0, and the maximum of ‖r0 − r′0‖ is 2. So, the maximum of ∆ndTr(ρSt , ρ′St ) is
max ∆ndTr(ρ
S
t , ρ
′S
t ) = e
−κtn4 . (S32)
Therefore, the measure of non-Markovianity N for κ2 ≤ 64ξ2 is
N =
+∞∑
n=1
e−
κtn
4 =
+∞∑
n=1
e
− nκpi√
64ξ2−κ2 =
1
exp
(
κpi√
64ξ2−κ2
)
− 1
. (S33)
It can be seen that when κ = 0, N is infinity, indicating the maximum non-Markovianity, as the state of the system
qubit always oscillates in this case which induces periodic information backflow from the bath to the system and the
amplitude of the information backflow never decays. When κ decreases, N decreases and becomes finite, indicating
a weaker non-Markovianity, as the oscillation of the system state is weakened and the amplitude of the information
backflow decays with time. When κ2 = 64ξ2, N = 0, indicating no non-Markovianity in the system dynamics.
Of course, if κ2 > 64ξ2, as there is no increase in the trace distance between any two quantum states at any time
in this problem, N is zero by its definition for this case.
III. BATH CORRELATION
In this section, we use the standard procedures under the Born-Markov approximation [24] to compute the time
correlation functions for the bath qubit. The purpose is to find how fast the bath correlation must decay in order to
validate the Born-Markov approximation and compare it to the threshold for the transition between Markovian and
non-Markovian dynamics found in our problem.
We first make the following transformation to eliminate the dissipation term in the master equation (S3),
ρ˜SBt = e
−κtD[σB−]ρSBt . (S34)
Then,
∂tρ˜
SB
t = −iξe−κtD[σ
B
−][σSx ⊗ σBx , ρSBt ]. (S35)
In order to make it an equation for ρ˜SBt , we write ρSBt as ρSBt = e
κtD[σB−]ρ˜SBt , then
∂tρ˜
SB
t = −iξe−κtD[σ
B
−][σSx ⊗ σBx , eκtD[σ
B
−]ρ˜SBt ]. (S36)
If we integrate Eq. (S36) over the time, we have
ρ˜SBt = ρ˜
SB
0 − iξ
∫ t
0
e−κt
′D[σB−][σSx ⊗ σBx , eκt
′D[σB−]ρ˜SBt′ ]dt
′. (S37)
Plugging Eq. (S37) into Eq. (S35), we can obtain a master equation of ρ˜SBt up to the second order of ξ,
∂tρ˜
SB
t = −iξe−κtD[σ
B
−][σSx ⊗ σBx , eκtD[σ
B
−]ρ˜SB0 ]− ξ2e−κtD[σ
B
−]
∫ t
0
[σSx ⊗ σBx , eκ(t−t
′)D[σB−][σSx ⊗ σBx , eκt
′D[σB−]ρ˜SBt′ ]]dt
′. (S38)
In order to obtain the reduced master equation for the system qubit alone, we trace out the freedom degrees of the
bath qubit for Eq. (S38). By invoking the Born approximation, we assume that
ρSBt ≈ ρSt ⊗ ρB0 , (S39)
where ρB0 = |0B〉〈0B|. Then, it can be verified that
TrBe
−κtD[σB−][σSx ⊗ σBx , eκtD[σ
B
−]ρ˜SB0 ] = 0. (S40)
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So,
∂tρ
S
t = TrB∂tρ˜
SB
t = −ξ2
∫ t
0
TrB[σ
S
x ⊗ σBx , eκ(t−t
′)D[σB−][σSx ⊗ σBx , eκt
′D[σB−]ρ˜SBt′ ]]dt
′, (S41)
where we have used TrBe−κtD[σ
B
−]A = TrBA for an arbitrary operator A of the bath qubit, as TrBD[k]A = 0 for k ≥ 1.
According to the transformation (S34) and the Born approximation (S39), Eq. (S41) can be simplified to
∂tρ
S
t = −ξ2
∫ t
0
TrB[σ
S
x ⊗ σBx , eκ(t−t
′)D[σB−][σSx ⊗ σBx , ρSt′ ⊗ ρB0 ]]dt′, (S42)
followed by
∂tρ
S
t = ξ
2
∫ t
0
fB(t, t
′)D[σSx]ρSt′dt′, (S43)
where fB(t, t′) is the bath correlation function
fB(t, t
′) = TrB[σBx e
κ(t−t′)D[σB−](σBx ρ
B
0 + ρ
B
0 σ
B
x )]. (S44)
As the initial state of the bath qubit is |0B〉, ρB0 = |0B〉〈0B|, so σBx ρB0 + ρB0 σBx = σBx . And it can be easily verified that
eκ(t−t
′)D[σB−]σBx = e
−κ2 (t−t′)σBx . Therefore,
fB(t, t
′) = exp
[
− 1
2
κ(t− t′)
]
. (S45)
This means that the time width of the bath correlation is 2/κ.
The Markov approximation is to further assume that the bath correlation fB(t, t′) decays very fast in the time scale
of the system evolution, so that the ρSt′ in the integrand in Eq. (S43) can be replaced by ρ
S
t and the evolution of ρSt
does not depend on the history of ρSt then, which leads a Markovian dynamics of the system. This essentially requires
ξ  κ, in sharp contrast to the result in the main text that the system dynamics becomes Markovian when κ ≥ 8|ξ|
where κ is at the same order of magnitude of ξ.
